Satellite formation stationkeeping represents a nontrivial application of novel dynamics and control. We explore the possibility of utilizing a flux-pinning connection to create a virtual structure that allows these maneuvers to become more feasible by augmenting the dynamics and passively stabilizing the relative position and orientation of the component satellites. We develop a mathematical framework for a generalized satellite formation along with expressions for the flux-pinning effect about established dynamic equilibria. This framework is then applied via simulation to a candidate ring-aperture telescope formation to examine the value of implementing a vehicle formation that is maintained through flux pinning.
I. Introduction
ATELLITE formations offer the promise of meeting requirements for space systems that must achieve large spatial extents, such as large-aperture telescopes. Physically separating components enables long-baseline observations and a large collecting aperture without the weight associated with interconnecting structure. Removing mechanical elements from among individual satellites also introduces opportunities for modularization 1, 2 . These advantages in turn likely reduce launch costs, extend system life, and simplify repair operations 2, 3 . However, by removing these mechanical connections entirely, one eliminates a simple and effective means of constraining the relative position among components, a disadvantage that the present study addresses.
Proposed means of overcoming this disadvantage focus mainly on active control, augmenting the dynamics of the system through additional physics, or a combination of the two. Through active control, a formation can maintain and modify relative positions and orientations of individual satellites, but typically at the expense of constant actuation, which may cost considerable fuel or power [3] [4] [5] . Berryman and Schaub describe a virtual Coulomb structure based on the attraction of charged particles 6 . Atchison and Peck propose specific types of formations by using the Lorentz force on a charged object in orbit around a planet with a magnetic field as an input 7 . Miller, Sedwick, and Kong suggest a solution based on electromagnetic attraction among actively controlled magnetic fields 2 . The present study augments this list of possibilities by examining the feasibility of the flux-pinning effect between a magnetic field and a superconductor as a means of establishing action at a distance. The primary advantage of flux pinning over other approaches is that it creates a passively stable connection between two bodies. Any solution based on magnetic attraction alone-whether achieved by permanent magnets or electromagnetscannot be described as passively stable. As a consequence of Earnshaw's Theorem, active control is generally necessary for a system of magnetically interacting components to maintain relative position or follow an arbitrary path 8 . Flux pinning sidesteps this issue by depending instead upon force generated on a magnet by a nearby superconductor that resists changes in the flux within its interior.
This resistance acts as a multiple degree-of-freedom spring and damper about some pinned position and orientation relative to the source of a magnetic field 9, 10 . In unactuated mechanical systems consisting of bodies interconnected by springs, masses, and dampers, we expect the total energy of the system never to increase, resulting in an asymptotically stable arrangement. By creating a similar arrangement in orbit, one can take advantage of this passively stable flux-pinning effect to establish a virtual structure that maintains relative position and orientation with reduced need for active control 
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II. The Flux-Pinning Effect
Flux pinning refers to the interaction between a magnetic field and a high-temperature superconductor (HTSC). Motion of the magnetic field induces current vortices inside the HTSC, which then react to changes in the magnetic flux passing through the HTSC surface. The resistance within the HTSC is negligible under appropriate temperature conditions. So, these vortices persist for extended periods of time. This interaction establishes an equilibrium position and orientation of the magnetic field relative to the HTSC, in which perturbations are met with a restorative. This force is highly hysteretic: its instantaneous direction and magnitude depend upon the history of relative movement. For small motions, however, the flux-pinning reaction force resembles a linear, multiple degree-offreedom spring-and-damper system. Perturbations from the initial state result in reaction forces and torques proportional to the relative displacement and velocity of the magnetic field and the HTSC.
There are many approaches to finding force and torque expressions that have been presented in recent literature [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] . Approaching the force and torque interaction from an analytical point of view is often complicated by a lack of a convenient manner in which to express the currents and their derivatives induced in the HTSC surface. Nayau and Sanchez take this approach but require the magnet and superconductor to be cylindrical and to share an axis of symmetry 16, 17 . Others place similar constraints on the system described, resulting in an absence of general, analytical expressions for the force and torque interaction required for analysis and simulation.
Kordyuk addresses this issue by developing a model of a magnet and semi-infinite superconductor pair that approximates the interaction through the sum of two conceptual magnetic fields embedded in the HTSC. Figure 1 depicts the general concept of this model in the case of a permanent magnetic dipole. The permanent magnet is located by the vector r 0 . Cooling the HTSC past its critical temperatureresults in a conceptual image magnetic field fixed in the HTSC located by r 0 * formed by reflecting the initial magnetic moment over the HTSC plane and reversing its direction. Whereas the first image in the HTSC is fixed, the second image is mobile. Specifically, it is the reflection of the current magnetic moment, located by r 0 +δr, over the HTSC surface.
This image model conveniently predicts forces and torques associated with a magnetic dipole interacting with a semi-infinite plane HTSC suffering from no hysteresis or damping. As the magnetic field becomes more complex and the assumptions regarding the HTSC become less applicable, the model suffers. However, the model is appropriate for most configurations where the flux pinning effect represents a significant contribution to the total force and torque sum. Even so, the image model requires calculation of the interactions between at least three magnetic fields. Simplifying the model aids the tasks of designing and analyzing the dynamics of a flux-pinned connection. One possible model is that of a combined multiple degree of freedom spring, mass, and damper affecting translational and rotational motion. This particular simplified model is explored specifically by Shoer, Norman, and Peck [9] [10] [11] . Figure 2 shows a general layout of the vectors involved in expressions for this simplified model of the forces and torques. Coordinate frames are denoted by a script F with an appropriate subscript and consist of a column matrix of three orthonormal basis vectors that comprise the frame. For example, the frame F a is defined as [ ]
This notation offers a compact means of expressing vectors in terms of basis vectors of extracting the direction cosine matrix (DCM) between two frames 22 . Fig. 2 , establishes the inertial frame of reference. The point O a locates the HTSC, and F a describes the associated fixed reference frame. Assuming a dipole representation for the magnetic field, the point O b describes the position of the dipole. The frame F b is fixed to it with the third basis vector of F b parallel to the dipole axis. The flux pinning reaction depends upon the displacement and orientation of the magnetic field relative to an established equilibrium described by O b* and F b* fixed with respect to the HTSC. These two quantities represent an "image" of the magnetic field where zero reaction force and toque occur due to flux pinning. 
Describing the reaction torque involves examining the relative orientation of the magnetic field and its image fixed with respect to the HTSC. Again utilizing the dipole assumption, rotations about the dipole axis result in no change in the flux distribution in the HTSC, implying no stiffness and damping about this rotational axis. This property of rotationally symmetric magnetic fields has been observed in experimentation 9 . The restorative torque can then be expressed as proportional to the cross product between the dipole axis of the image magnet b 3 * and the real magnet b 3 and to the difference of the angular velocity projected onto a plane normal to the b 3 axis. This relation leads to the following expression for the torque applied to the magnet by the HTSC via flux pinning, g ab :
The stiffness and damping coefficients K, D, C, and B are functions of the pinned location and orientation of O b* and F b* relative to O a and F a . So, they are functions of s and a Q b* . The stiffness afforded by flux pinning drops exponentially with increasing separation of the magnetic field and the HTSC, limiting the effective range of the connection to distances on the order of tens of cm for modest superconductor and magnet masses. References 9 and 10 provide further insight into experimentally derived values of these coefficients for specific configurations, along with curve fits used to predict their values at other points.
III. Mathematical Construction
Having introduced the concept of flux pinning and the mathematical model used to describe its effects, we apply it to a model of a multi-body structure in orbit representing a generalized satellite formation. This process involves developing the equations of motion. We consider N rigid bodies connected via arbitrary force and torque relations. Let the vector r, originating from a reference point O, represent an arbitrary position vector. Time derivatives in the inertial frame are denoted by an over-dot. A reference point on each rigid body is located by vector b n extending from O to a point O n in body R n and its associated reference frame F n . From these starting points we can define a vector r n , which is fixed in F n :
The momentum of R n is determined by the angular velocity vector ω n and the inertial velocity vector v n .. The velocity of an arbitrary point in the inertial frame is then given via the transport theorem:
The mass center of the nth body is ∫ = n R n n dm r c (7) and its inertia dyadic is (8) These definitions appear in the equations of motion, derived from Newton's second law: the time derivative of the momentum vectors of each body equal the external forces and moments applied. The momentum of the nth body, in terms of its angular velocity, translational velocity, mass, and first moment of inertia, is
Similarly, the angular momentum of R n in terms of its first and second moments of inertia, velocity of the point O n , and the angular velocity of R n , is ( ) The forces and torques applied to body R 1 by the other bodies in the system by the convention adopted here are defined as positive. The forces and torques applied to next body, R 2 , include the opposite of the previously described f 12 and g 12 along with the new force and torque relations to each other body in the system. This convention continues until the last body, R N , where all forces and torques are as previously defined. In terms of the M is the transformation from the dynamic variables h to the kinematic variables v Mv h = (27) If O n is made to be coincident with the center of mass of R n , the c n terms reduce to zero, simplifying Eq. (26) by reducing the complexity of the n p and M matrices.
In addition to the flux-pinning forces, electromagnetic interaction between the magnetic dipoles representing half of the flux-pinning hardware may impart forces and torques. Landecker, Villani, and Yung offer an approximation of these reactions in terms of the magnetic moments and their relative position 23 .
( where m n represents the magnetic moment of the dipole at P nj , r represents the vector from P nj to P jn , and the circumflex indicates a unit vector. In some configurations, the electromagnetic attraction between the dipoles may be negligible compared to the flux-pinning effect, but if the formation requires these points to be in close proximity, these forces may be relevant.
The model also needs an expression for the external forces and torques applied to R n at O n , f n and g n respectively. These forces represent a sum of gravitational effects and control inputs. The force and torque due to gravity on R n applied at the body's center of mass are:
where R points from the gravitational primary to a point inside R n and r points from the center of mass of R n to the same point. If O n is not the center of mass of R n , then the torque applied at the center of mass must be referenced to the appropriate point. The control inputs of the formation are left unspecified, as they depend on the particular formation being described. The forces and torques applied to the body through f depend upon the relative orientations of the bodies and their particular components. The relative attitudes of the bodies orient the vectors described above, allowing computation of the flux-pinning effect.
IV. Example Formation
Here, this mathematical model is used in a specific example in order to demonstrate the concept's promise for passive stationkeeping. The example is that of a sparse-aperture space telescopes. The concept of utilizing formation flight for enhanced telescope imaging capabilities is a topic of current interest [24] [25] [26] . By separating portions of the telescope spatially, we effectively increase the aperture of the telescope without reducing its light-gathering capability. The specific layout of the individual satellites depends on the science objectives of the telescope, along with the wavelength of light of interest; in this case, the architecture is that of the ring formation conceived for in Ref. 25 . Its mission is to observe in x-ray wavelengths. We consider an optical analogue of this mission.
A particular form of sparse aperture telescope is that of a ring aperture, where mirror segments, or individual telescopes, are placed on a circle about a central detector in a plane perpendicular to the target imaging direction. A ring aperture telescope has a few key advantages: redundant UV-plane coverage and identical design of mirror modules. Here, each mirror module is also a vehicle. The first advantage addresses the concern of assembling an image from a sparseaperture telescope. While other designs maximize UV-plane coverage in order to avoid loss of information at different spatial frequencies with a minimum number of vehicles, a ring aperture has redundancies in the UV-plane coverage, resulting in a simplified diffraction image 26 . As all of the ring vehicles are at the same distance and in the same normal plane relative to the central detector, each vehicle can be identical to each other. This is conceptually different from other arrangements in which the mirror segment on each module corresponds in a gross manner to a particular location due to the varying reflection properties. As an ideal ring aperture is rotationally symmetric, we avoid this problem.
The ring's vehicles consist of a spacecraft bus attached to a mirror actuation and control module, identical flux-pinning connections consisting of an arrangement of permanent magnets, electromagnets, superconductors, and a cooling system, and an appropriate configuration of relative actuators to control the A central detector vehicle not depicted in Fig. 5 collects the reflections from the individual mirror vehicles. The presence of such a vehicle aids the relative navigation and control scheme by providing a reference relative to which the ring vehicles can detect their distance and orientation, allowing for a control scheme to be developed.
Our simulation focuses on this concept of a ring aperture telescope application with a nominal ring radius of 20-m and 60 vehicles, which in combination with the ring vehicle parameters listed in Table 1 implies an approximate separation distance of 4.8 cm between the flux pinning components of neighboring vehicles. Reasonable stiffness and damping values can be obtained at this distance 9, 10 . The simulation implements a stiffness and damping model to determine the relative forces between the spacecraft. The values of these parameters are listed in Table 2 . The simulation neglects gravitational effects, making it appropriate for spacecraft far from any significant gravitational field.
A. Simulation Results
The objective of the simulation presented in this paper is to demonstrate the value of a flux-pinned formation to space-based applications. The first simulation focuses on examining the candidate ring formation in the presence of input force and torque disturbances with no forces among the satellites. The second introduces a flux-pinned connection between neighboring vehicles. The input disturbance in both cases is modeled with a zero mean Gaussian distribution with a standard deviation of 1 μN or μN-m. As expected, the input disturbances applied to the unconnected formation result in each vehicle proceeding in a random walk from its initial position and orientation, ultimately leading to an unorganized collection of bodies. By comparison, the flux-pinned formation maintained a relatively collected arrangement, as shown in Fig. 6 . Figure 7 plots statistics relevant to the simulation performances, namely the mean and 1-σ bounds of the translational distance of the vehicles to a ring centered on the formation center of mass and perpendicular to the major axis of inertia of the collection of vehicles as a whole. This plot demonstrates that the addition of flux pinning greatly aided in keeping the vehicles closer to their intended location when compared to the dynamically unlinked case.
Reference 11 suggests that given that the ring vehicles are close enough to effectively sustain a flux pinning interface, they should stay in relative proximity throughout an orbital period. While staying in proximity is an important function of a space structure, a space-telescope application requires precise control of individual vehicle positions relative to the detector. In the absence of control inputs, a flux-pinned connection would shift equilibrium positions in the presence of disturbances or time-varying external forces without some form of feedback control.
B. Control Implementation
Spacecraft formation control represents a large and active area of research [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] generally beyond the scope of this paper. One attractive option is Model Predictive Control (MPC). MPC represents a finite-horizon discrete time optimal control algorithm, and has been the subject of much research as applied to nonlinear systems over the past decade [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] . References 32-38 deal with the particular problem of applying MPC to spacecraft attitude and formation control. The value of MPC lies in the easy extensions to incorporating discrete time extended Kalman filters, hard control and dynamics constraints, incorporation of nonlinear dynamics, and performance-driven input optimization. Historically, MPC has found most of its applications in control of slowly-changing industrial and chemical processes, as predicting the dynamics significantly forward in time can result in substantial computational overhead. The increased available computation power in smaller systems has recently made MPC a viable option for performance-driven control in robotics and spacecraft applications.
An MPC control scheme would be particularly well-suited to the stationkeeping and reconfiguration of a ring-aperture flux-pinned telescope, as the control input optimization scheme for the servo problem can be posed in terms of tracking performance metrics as opposed to state trajectories. Three important performances of the proposed formation would be the radial distance of a vehicle from the central detector, its velocity in the same radial direction, and its distance from the imaging plane. As these metrics do not describe any motion perpendicular to the radial direction and the normal of the imaging plane, the vehicle is free to move in a specified diameter ring existing in the imaging plane. Figure 10 describes the associated performance time histories of a single 100kg vehicle utilizing an MPC control scheme with those three performances to match a 10-m radius ring about a central body. Incorporating this control scheme into a multi-body flux-pinned simulation represents the subject of future work.
V. Conclusion
By establishing a passively stable connection between individual spacecraft in a formation, flux pinning creates a virtual structure upon which one can implement standard control laws to accomplish the typical tasks of station keeping and reconfiguration. The passive stability of the formation without active control provides a safety net, guaranteeing that in the absence of control inputs the formation remains intact despite different orbital parameters for individual spacecraft. This useful quality has potential to simplify the mechanical design of future satellite formations 11, 24, 39 . In the proposed conceptual framework, the reconfiguration task displaces the spacecraft from their flux-pinned equilibrium states, resulting in a restorative force attempting to return them to the original formation. This effect typically requires feedback control in order to maintain the new formation at a level of precision appropriate for an optical system. The design can take advantage of the temperature-dependent properties of flux pinning to reset the connections and define new equilibrium states corresponding to the newly reconfigured formation. Once the reconfigured state is reached, the spacecraft can temporarily raise the temperature of the superconductors past their critical temperature, effectively clearing the flux-pinning connection. Subsequently re-freezing the superconductors "resets" the pinned equilibrium positions of the nearby magnetic fields to their current configuration in the reconfigured system.
This simulation does not model the hysteretic effects associated with flux pinning. However, hysteresis can be exploited to allow the pinned equilibrium point to be shifted without thawing and refreezing, changing the equilibrium configuration along with the linearized stiffness and damping coefficients. A mathematical model of these changes can allow the spacecraft's operations concept to incorporate them into the reconfiguration process. The type of HTSC matrial on which the connection is based also modifies the magnitude of the hysteretic effect. Additionally, the effect of actively controlling the magnetic fields involved in flux pinning may result in similar modification of the properties of the equilibrium state in a flux-pinned connection. Future work would include examining these potential interactions, along with designing control strategies which would take advantage of the additional relative dynamics introduced by flux pinning between bodies in the formation. These directions for future work hold promise for the use of this technology in reconfiguration of modular spacecraft.
